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ABSTRACT 

A fundamental, open, issue pertaining to Human Postural Sway is how to deal 

with the uncertain, nonlinear and time-varying nature of human motor dynamics. To 

address this issue, in the present thesis, the body is regarded as a single-link inverted 

pendulum with movement at the ankle joint controlled by the human postural control 

system. In patients with neurological impairment, this function might be restored by 

functional electrical stimulation. A critical part of such a neural prosthesis is the control 

algorithm. The control techniques used for such nonlinear dynamic systems should be 

tolerant to significant variations in the mechanics of human motion. To address the 

inherent limitations of the current methods, such as PID and model based designs, the 

active disturbance rejection concept is introduced with the aim to make the control 

system as model independent as possible. It is shown that the resulting new controller 

yields excellent performance even with significant changes in the plant dynamics.  
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CHAPTER I  

INTRODUCTION  

1.1 Human Motor Overview 

One of the challenges in the human motion analysis is to understand the sequence 

of events that connects neural activity to human movement. A methodology for studying 

these processes is provided by control systems theory. There is an increasing awareness 

that control systems science provides a promising framework for understanding 

biological control systems such as those involved in human motion and for providing 

better control. As we know, it is a fundamental fact that the motor control system 

operates with dynamical systems, whose behavior depends on the way energy is stored 

and transformed. Hence the study of motor control can be considered to be the study of 

dynamics. There are two interrelated issues out of which the transformation of the motor 

sensory signal and dynamics, become a major part of the research in the area of motor 

control. 
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A ósystemô is a mathematical description of the relationships between a supplied 

quantity/input, a collection of processes that act upon these inputs and a dependent 

quantity/output that result from the action or effect of the process. 

Process
Input Output

 

Figure 1: Representation of a system 

The basic task of a control system is to manage the relationships between sensory 

variables and motor variables. There are two basic kinds of transformations that can be 

considered: sensory-to-motor transformations which is accomplished by the environment 

and musculoskeletal system and motor-to-sensory transformations is accomplished by the 

same physical systems. It is also possible, however, to consider internal transformations, 

implemented by neural circuitry, that mimic the external motor-to-sensory 

transformation. A clear understanding of the dynamics of different parts of the human 

body can provide a strong basis for diagnosis and a better treatment to the problems and 

issues commonly seen in controlling the standing, walking, sitting, running and many 

more actions performed in a day to day life. 

In human motion, there are several subsystems that comprise the larger system 

which connects a signal originating in the central nervous system to a human movement 

event. At one level is a system whose input is neurological stimulus and whose output is 

muscle activation. This activation then serves as the input into another system whose 
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output is muscle contraction. At the next level, the muscular contraction serves as the 

input responsible for producing joint torques that result in limb movement.  

Brain
Activation 

Dynamics

Musculotendon 

Contraction Dynamics

Body 

Segments

Neural 

excitation Muscle

activation
Muscle

force
Motion

 

Figure 2: Control system for human motion 

There are many reasons why a systems approach to human motion is difficult to 

implement. The inherent complexity of the human body is part of the reason. The 

modeling of muscles represents unique challenges. They can only exert force in tension 

(i.e., they cannot push or offer resistance to compression) so that pairs of muscle are 

required to cause flexion and extension of a joint. Moreover, there are more muscle pairs 

than there are joints. A mathematical implication of this is that there is not a unique way 

to determine the neural excitation that could cause a certain motion. Consequently, there 

are many ways of using muscles in combination to generate desired joint movements. 

In addition to the complexity of muscle, it is difficult to describe the motion of the 

limb segments caused by muscle forces. A common approach to this is to model the 

human body as a system of rigid links that are rotated by muscle forces. It is 

computationally cumbersome task to derive, let alone solve, the equations that describe 

the limb movements. Beyond the modeling of muscle activation, contraction dynamics 

and resulting body motion, the highest level of the human motion system involves the 

generation of commands or signals that originate in the brain. In case of an interruption of 
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the pathway from brain to muscles, a good control system should be able to provide 

artificial stimulation to the muscles. 

As a baby step to this area of research which promises to provide very good 

solutions to many issues of the paralyzed patients and also other related areas, this thesis 

will present a fundamental problem of controlling the postural sway, a complex nonlinear 

dynamic system and also intends to address the issues that need to be given a thought and 

also provides solutions to those issues that prove to be very useful for paraplegic patients. 

The forces acting on the body, the different tasks a person performs and the 

environment that the task is performed in, all have effects on how balance is controlled. 

The main forces acting on the body that the central nervous system must balance are 

gravitational, motion dependant, ground reaction and muscle forces. When a perturbation 

causing movement of the center of mass relative to the base of support occurs, or in the 

case of a sudden loss of balance such as standing on a moving bus during an acceleration, 

timely corrective actions must take place in order to maintain equilibrium. 

¶ Ankle Strategy 

During quiet standing, the body can be approximated as an inverted pendulum, 

with the ankle as the pivot point. As an inverted pendulum is unstable, minor 

perturbations at low translation frequencies will cause a swaying motion; the Ankle 

Strategy. This sway, which is indicative of the body's attempt to maintain equilibrium of 

the center of mass in relation to the base of support, is a corrective action based primarily 

in response to somatosensory feedback; however, the amount of sway increases in the 

absence of other sensory inputs.  



 

 

5 

¶ Hip Strategy 

For minor to major perturbations at higher frequencies, or in an environment 

where foot movement is restricted, the body will attempt to regain balance via the Hip 

Strategy. In this strategy, the body can be approximated as a dual-segment inverted 

pendulum, with the trunk as one segment and the lower limbs as the second. The upper 

body muscles are contracted causing movement about the hip in order to maintain 

balance. The movement of the body segments is faster in this strategy in order to combat 

the larger disturbance of the body's equilibrium, and therefore achieve a more rapid 

stabilising of the center of mass. 

¶ Step Strategy 

When there is a major perturbation that causes the center of mass to be moved to a 

position, relative to the base of support, where equilibrium cannot be maintained, the 

person will take a step in the direction opposite to that of the perturbation. In this case, 

the base of support is moved as opposed to the COM. This is known as the Step Strategy. 

  

 

 

 

 

 

Figure 3: Single link inverted pendulum 
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From this discussion, we now understand that although people spend countless, 

seemingly effortless, hours standing during their lifetime, the task of maintaining balance 

is actually quite complex. To analyze this complex task of quiet standing, ankle-strategy 

is used. In this strategy, the body moves as a rigid mass around the ankle joints and 

hence, the body is regarded as a single-link inverted pendulum with movement around 

the ankle joint as in Figure 3.  

An inverted pendulum by itself is unstable, but the human posture control system 

commands the muscles at the ankle joint in order to provide stability like resisting any 

deflections from the desired position, thus proving that the muscles at the ankle joint play 

an important role in controlling the body sways shown in Figure 4. 

Tibialis

Anterior Triceps Surae

q

Gastrocnemius

Soleus

 

Figure 4: Ankle model with three muscles 

These muscles have complex, nonlinear dynamic properties and the understanding 

of these properties will have wide implications. This basic single-joint ankle model 

covers the complexity of a joint that will be helpful in extending this research to a more 

complex multi-joint model. 
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1.2 Motivation  

When a spinal cord injury occurs, it results in an interruption of the neurological 

pathway from brain to muscles. A complete lesion of the spinal cord in the back (thoracic 

level) results in the paralysis of lower limbs and loss of voluntary control of the muscles 

below the level of lesion. Paralyzed muscles do however retain their ability to contract, 

and they can be simulated by extraneous electrical signals, which can be used for 

therapeutic purposes. The ultimate goal in therapy is to restore postural balance 

artificially by stimulation of the ankle muscles in a way analogous to the mode in which 

normal people stand. 

In patients with such neurological impairment, this function might be restored by 

functional electrical stimulation. A critical part of such a neural prosthesis is the control 

algorithm. The control techniques used for such dynamic and nonlinear models need to 

be least dependent on the model, so that they can overcome the variations in the 

dynamics and parameters when applied on a real human.  

The pragmatic nature of this effort requires that a realistic, nonlinear, model of 

ankle joint be used, instead of the simplistic linear approximations commonly seen in 

literature concerning the control of postural sway. It is well-known that the real muscles 

are quite complex, nonlinear and time-varying in nature. A more realistic musculoskeletal 

model of this ankle-joint would be crucial in understanding the muscle dynamics and in 

evaluating the performance of the controller that can provide artificial balance for the 

paraplegic patients. A control strategy must be devised to accommodate the nature of 

human postural sway that in many ways unknown or uncertain. Many textbook 
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techniques may fall well short here because they require accurate mathematical model of 

the plant, which is quite inaccessible here.  

Hence, the motivation of our study is to develop such control algorithms for 

postural control that might be restoring artificial balance to the paraplegic patients which 

can later be extended to multiple joints for a complete control. 

1.3 Goals 

After an in depth survey of the research being carried on in the area of 

computational models used and their control algorithms which will be discussed in 

Chapter II, it appears that most of the models used for the study have at least one or more 

of the following as their limitations: 

¶ Linear approximation for the inverted pendulum 

¶ Exclusion of the muscle dynamics 

¶ Model dependent controllers  

¶ Complicated controller design leading to many tuning parameters. 

A computational model for the dynamics of the ankle motion during standing that 

is more realistic can be used to evaluate the performance of the control algorithms that 

might be helpful in designing the controller stimulators for the muscle activation to 

provide artificial balance to the paraplegic patients. 
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This thesis is the first attempt to develop such control algorithms for the study. 

The main aim of this thesis is to develop a control algorithm for the postural sway that is 

as model independent as possible so that it can deal with complexity and nonlinearity of 

the musculoskeletal model while being able to provide a smooth control.  

Control Design Objectives:  

¶ Small error 

¶ Smooth control 

¶ Easily tunable 

¶ Robust to the changes of the plant dynamics 

For evaluating the performance of such control algorithms, a computational 

model of musculoskeletal dynamics is very useful. Hence a non-linear dynamic model 

with realistic muscle properties for the musculoskeletal dynamics during human postural 

sway is developed in Simulink. As mentioned earlier, the ultimate goal here is to restore 

the postural balance artificially by stimulation of the muscles externally.  

Towards this goal we need first to understand how muscles generate forces under 

stimulation, i.e. the dynamics of the muscle. Secondly, based on this understanding, we 

need to design a feedback control system that will provide the appropriate muscle 

stimulation signals to keep the person from loosing balance. 
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1.4 Organization 

 In the next chapter, literature is reviewed in the relevant areas of postural control, 

the models used for the study and their control methods. In the end, the need of a more 

realistic computational model and a better control algorithm will be presented. This will 

be followed by a chapter (Chapter III) in which the problem is stated and its 

mathematical models are presented. Later in the chapter, the open loop responses of the 

plant will be analyzed and we will introduce the main research questions which will be 

addressed in this thesis.  

Chapter IV will describe the control methods used to solve the chosen problem 

which will cover the PID controller and the novel control algorithm ADRC (Active 

Disturbance Rejection Control). The concept of Extended State Observer will be 

introduced and implemented here. In Chapter V the performance of these control 

techniques will be evaluated using the computational model developed and the results 

will be discussed. In Chapter VI, conclusions will be done based on the simulation results 

and future recommendations for further work will be discussed. 
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CHAPTER II  

SURVEY OF PREVIOUS WORK 

2.1 Background 

This chapter provides an in-depth survey on the research that has been carried out 

using the ankle strategy to describe the human postural dynamics, including the different 

assumptions and methods used in developing these models. Also, the control techniques 

used for these models have been discussed.  The topics highlighted below will be of main 

concentration in this survey. 

¶ Ankle strategy, approximation to a single link inverted pendulum and its stability  

¶ Different ways of modeling the ankle joint and their limitations 

¶ Different control strategies used to maintain balance with experimental and 

hardware results if any 

Papers and work which cover few or most of the above topics are chosen for 

discussion here for a better understanding of the problem. This will give an insight of 
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what has been done and what more is needed be done to overcome the limitations of the 

past and present work for better performance. Survey shows that the research is branched 

into two routes, one based on experimental analysis of human subjects and other based on 

developing a computational model, applying control techniques and validating it with 

experimental results. 

2.2 Ankle Strategy and Single-Link Inverted Pendulum 

As mentioned in the previous chapter, ankle strategy is considered only when the 

task requires maintenance of upright posture. This strategy controls the body as if it was a 

single-segment inverted pendulum and is seen to be of great use in vestibular deficit 

subjects to maintain balance in conditions where it is appropriate, while the hip strategy 

appears unable to be used.  

In this section, the research that considers the body as a single link inverted 

pendulum and uses ankle strategy for identifying the postural dynamics are discussed and 

various models have been presented.  

Micheau P. et al [13] considers ankle strategy for quiet standing and models the 

musculoskeletal system as an inverted pendulum shown in Figure 5. Akimasa et al., [4] 

in the process of determining the role of visual feedback for posture control considers 

ankle strategy as seen in Figure 6. They approximate the motion of the ankle to a 

linearized single-link inverted pendulum. 
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Figure 5: Human in quiet standing posture as an inverted pendulum  

In the work by Ken Yoshida and Ken Horch [7], they artificially stimulate the 

muscles at the ankle joint from Figure 7 to control its position. It is shown that the 

restoration of functional control to paralyzed limbs and muscles through neuromuscular 

stimulation has been an area of active research for many years for which ankle strategy is 

most commonly considered. 
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Figure 6: Model of a posture control system 
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Figure 7: Inverted pendulum model of human postural dynamics 

Rolf Johansson et al., [6] in their work make an attempt to identify the human 

dynamics for which they consider ankle strategy and single-link inverted pendulum. 

When discussing about the validity of using the model even for perturbations, they 

specify that the inverted pendulum model is fully adequate to account for the corrective 

movements used to control the body posture as shown in Figure 8.  

q

t

 

Figure 8: Pendulum model for balance 
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Tim Sinha et al.,[21] while studying the effect of forward lean on the ankle 

dynamics uses ankle strategy and single link inverted pendulum. Anindo Roy and 

Kamran Iqbal [16] use ankle strategy for small disturbances to the postural stability with 

position and velocity feedbacks for which a single-link inverted pendulum is considered 

for study.  

q

L Mg
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lTlH
lG

fX
fy
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t

 

Figure 9: Link model 

James L. Patton et al., [18] in their paper mention that a mechanical model 

provides a basis for characterizing the limits of stability of the ankle joint in Figure 9. 

They also take ankle strategy and an inverted pendulum rotating about a triangular base 

of support for their study. 
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2.3 Modeling 

Modeling is an important part of this area as it will help in assessing the 

performance of the control methods implemented and also for predicting the basic causes 

of defects in the human motion. These are proven to be quite helpful for clinical 

assessment. 

MghJs -2

1

)(sG

u q

 

Figure 10: Model for the single-link inverted pendulum 

Philippe Micheau et al., [13, 15] in their work try to build a l- model to present a 

neurophysiological approach to the posture control. They consider the ankle strategy with 

inverted pendulum model. When the equation of motion is applied to the pendulum 

model as in Figure 10, the angular acceleration (q"") is given by 

() MCJ 2-= qq""  (2.1) 

where         J      - moment of inertia  

                  ()qC  - Gravitational torque  

      M2   - Total muscular torque  

     (torque at each ankle joint is considered to be the same) 

      ()qC  = )sin(qÖÖLW  
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In the l- model, the ankle muscles are modeled by a single muscle acting on the 

upper body.  This muscle is controlled by two variables land m specified by the Central 

Nervous System (CNS). Here l is the motoneuronal recruitment and the variable m is a 

time-dimensional coefficient ofq". 

Akimasa Ishida et al., while modeling the ankle for the experimental study 

assume that the ankle moment is the only actuating signal and that the sway angle of the 

body, q, was the controlled variable [4]. The equation of motion was linearized at the 

equilibrium point ( 0=q ) as 

uMghJ -=- qq""  (2.2) 

where  J ï Moment of inertia of the body around the ankle 

 M ï Mass of the body 

 h ï Height of the center of gravity of the body 

 g ï Acceleration due to gravity 

Guayhaur Shue et al., [9] examine the ability of models with independent factors 

as in Figure 11, as well as models with coupled factors as seen in Figure 12, to fit 

input/output data measured during simultaneous modulation of the fraction of muscle 

stimulated (recruitment) and joint angle inputs. 

Two types of model were evaluated. In the first (referred to as the uncoupled 

model), active moment, M, is the product of three independent factors: activation 

dynamics (A), moment-angle (p), and moment-velocity (y). This formulation assumes no 
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interaction between the three factors and no dynamics in the moment-angle and moment-

velocity factors. 

Recruitment

Characteristic
Activation dynamics

Moment - velocity

Moment - angle

11 --z Moment

r

Vq

Pulse

Width

Angle

INPUTS
UNCOUPLED MODEL

OUTPUT

 

Figure 11: Uncoupled Model Representation 

The uncoupled model has the following dynamics: 

Model output:              kkkk AM gbÖÖ=  (2.3) 

    (3 independent factors) 

Activation dynamics:  11 -- Ö+Ö= kkk bAaA g  (2.4) 

Moment-velocity:        kk VcÖ-=1g  (2.5) 

Moment-angle:           kk d qb Ö-=1  (2.6) 

The muscle displayed memory of previous velocity history that was not accounted 

for by the uncoupled models. To accommodate this property, a model was studied that 

coupled activation with velocity. For the coupled model, the output, M, is the product of 

two factors: activation dynamics and moment-angle. 
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Recruitment

Characteristic
Activation/attachment 

dynamics

Moment - angle

11 --z
Moment

r

Vq

Pulse

Width

Angle

INPUTS
COUPLED MODEL

OUTPUT

 

Figure 12: Coupled Model representation 

Model output:                               kkk AM bÖ=  (2.7) 

                 (2 independent factors) 

Activation/attachment dynamics: 11 -- Ö+ÖÖ= kkkk bAaA gg  (2.8) 

      (Coupled term) 

Velocity coupling:                        ()kkpk VusVc ÖÖ-=1g  (2.9) 

Moment-angle:                             kk d qb Ö-=1  (2.10)  

They conclude that the coupled model would be most appropriate for applications 

requiring fixed parameter values and the uncoupled model would perform well in 

adaptive control of neuroprostheses.  Rolf Johansson et al., in their model use an inverted 

pendulum to explain the pure body mechanics [6]. The suspension is considered as a 

spring constant ókô and a damping óhô which keep the body in upright posture and 

capable of counteracting disturbances. The equation of motion is 

() () ()tTtTtmgl
dt

d
J dbal ++Ö= q
q

sin
2

2

,    
2mlJ =  (2.11) 
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William Ledoux et al., try to develop an accurate finite element model of human 

foot and ankle using data from sequential CT scans [8]. Their simulations included 

deformities following ligamentous or neuromuscular injury, outcomes of surgical 

interventions, responses to impact loading and risk of injury following various loading 

regimens. Limitations are listed below: 

¶ Exclusion of muscle and cartilage 

¶ All ligaments were assumed to be linear 
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Figure 13: NARMAX model for ankle joint 

Sunil L. Kukreja et al., use NARMAX (Nonlinear Autoregressive Moving 

Average Exogenous Structure) for modeling nonlinear systems [10]. These models 

describe nonlinear systems in terms of linear-in-the-parameters difference equations 

relating the current output to the combination of inputs and past outputs.  

()
( )

( ) ( )í
ì
ë

>D-D-

¢D-
=

0..........

0...................0

tvtv

tv
tx  (2.12) 
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This paper analyzes a nonlinear parallel pathway of ankle dynamics to derive its 

NARMAX representation and use parameter identification techniques for modeling of 

biological systems. From Figure 13, the model treats the relationship between ankle angle 

and net ankle torque as a sum of linear and nonlinear contributions. 

I

X1(t)

Tstim

Ks

Kp

B T(t)

X2(t)

 

Figure 14: Five element Hill model 

Flaherty et al., try to use a five-element hill model for the muscle [11] as in Figure 

14. The velocity dependent five element hill model contains 

¶ 2 elastic elements (Kp and Ks),  

¶ a non-linear viscous element (B),  

¶ a pure torque generating contractile element (Tstim)  and 

¶ an inertial load (I) 

() ( )1222 xxKxKxItT sp -++= ""  (2.13) 

          and       ( )121 xxKTxB sstim -=+"  (2.14)   
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Total displacement is given by x2.  x1 denotes the displacement of the node between the 

series and viscous elastic elements. 

1xb

a
B

"+
=  (2.15) 

Here óaô and óbô are unknown constants. Torque developed by the contractile element is 

governed by the differential equation 

smstimstim AkTT =+"t  (2.16) 

t ï Time constant, 

sAï Stimulation intensity, 

mk ï Gain of the muscle 

Thomas E. Prieto et al., [11] treat the postural steadiness as an individualôs ability 

to maintain balance during quiet standing.  

J

K B

q
qq

t K
dt

d
B

dt

d
J ++=

2

2

 

Figure 15: Model for ankle joint for Postural steadiness 
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With 86 volunteers, they collected data and modeled it as a second order mechanical 

system seen in Figure 15. 

q
qq

t K
dt

d
B

dt

d
J ++=

2

2

 (2.17) 

J (=0.025)ï moment of inertia 

K  (=16) ï angular stiffness 

B (=0.15) ï angular viscosity 

t ï torque 

q ï angle  

Anindo Roy and Kamran Iqbal [16, 17] in their study model the human body as 

an inverted pendulum and servo controlled by musculoskeletal system with latencies in 

position, velocity and force feedback. Muscle is considered to a second order system. 
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Figure 16: Ankle joint model with delay in the feedback 
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() () max)( FsGsGsG actexcm ÖÖ=  (2.18) 

()
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     0>et  (2.19) 

()
( )1

1

+
=

s
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    0>et  (2.20)  

With ankle torque as input and angular velocity as output the transfer function is given by 

()
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()
( )

()
()sd

sn
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ss
sG

l

l

n

l
l =

-
==

22 w

q
 (2.21) 

( )21 mkmgkn +=w  (2.22) 

( )12 -+= mkIKl  (2.23) 

The postural stabilization of human body is modeled as an inverted pendulum 

with multiple feedback delays to make it more realistic. As a summary to this section, 

different assumptions considered and modeling techniques that are being used for the 

human postural stability have been discussed. 

2.4 Control Techniques for Postural Sway 

The main purpose of modeling the muscles and joints of a system depicting real 

human is to design control algorithms and analyze system performance and robustness. 

Philippe Micheau et al., [15] in their model shown in Figure 17, use lambda control 

technique, which they consider to be present in the human central nervous system. In the 
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lambda models, there are two control variables land m which are supposed to be 

coming from the CNS. These variables determine the motoneuronal recruitment and this 

control takes the delay of the feedback also into the consideration. 

Delay T
q

Delay d

Delay d

Lambda Control

Muscle

Sensory pathways

M

Musculoskeletic system

q

q"

l

m

 

Figure 17: Model of the system 

Akimasa Ishida et al., [4] use the error prediction error. The block F(s) in Figure 

18 is modeled as a discrete-time operator system. 

)()()()()()( tedCtdBtudA += q  (2.24) 

where )(tq  and )(tu are the sampled sway angle and ankle moment. )(te is a normal 

random variable and A, B, C are nth order polynomials in d, the time shift operator. 

)(dF  is given by )(/)( dAdB . 

F(s) -1
MghJs -2

1

)(sG

qu

 

Figure 18: Controller for second order approximated ankle model 
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Ken Yoshida and Ken Horch [7] in their study try to use neural networks to 

control the ankle position. For this, they use the natural sensors rather than the artificial 

sensors using the EMG data. 
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Figure 19: Control using Neural Networks 

With the data, maps were generated externally sweeping the ankle joint through 

the range of motion of the joint. A Proportional Integral controller is used to control the 

ankle position as shown in Figure 19. 

qC
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)(trefq )(tmref
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Figure 20: Nested Loop Control Structure 
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K.J. Hunt et al., [1, 2] who have done major research and experiments in the area 

of the control for the unsupported standing also consider the body to be a single link 

inverted pendulum as in Figure 20 with the movement around the ankle joint.  
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Figure 21: Ankle Moment Sensor and Stimulator 

They implemented a nested loop structure to control the standing on a real human 

with a high bandwidth inner loop providing control to ankle moments and an angle 

controller in the outer loop to regulate the inclination angle. They previously used LQG 

controller and now use pole assignment design and claim that intact subjects could stand 

using these controllers for longer periods of time [3]. 

2.5 Summary 

From the survey of what has been done in this area shown in the earlier sections, 

the research was found to be branched into two routes, one based on experimental 

analysis of human subjects and other based on developing a computational model, 
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applying control techniques and validating it with experimental results. In the first route, 

Kenneth J. Hunt et al., [1, 2, 3] conducted several tests to the human subjects with all the 

joints of the body braced except for the ankle joints. From these tests they measured 

muscle produced moment, angle and ankle stiffness. With these, a controller was 

designed for the balance control using FES (Functional Electric Stimulation). Optimal 

control approach, LQG regulator design and pole placement were used for this purpose. 

Fukuoka et al., [5] studied the effect of visual feedback on the human subject to maintain 

an upright posture using an experimental setup where a human subject was to control a 

single-link inverted pendulum with visual feedback. 

The second area of research covers the computational models and their analysis. 

Most of the models from the survey were found to be either linear or they lacked the 

muscle dynamics. A lot of research has been done on the development and validation of 

these ankle models which can used for computational study [6]. Some of them excluded 

the muscle dynamics and used linear models [8]. In the work done by Sunil L. Kukreja et 

al., [10], a new technique called NARMAX representation is employed for the 

identification of the ankle dynamics. Flaherty et al., [11] used a five element hill model to 

describe the muscle dynamics.  

In an article by Thomas E. Prieto et al., [12], a simple second order fit is done 

assuming that the model is linear and is validated with experimental analysis for the 

torque to joint angle relationship in elderly. Micheau P. et al., [13, 15] used lambda 

control to overcome the problem of feedback delay in the nonlinear inverted pendulum 

model but did not consider the muscle properties. The papers by Iqbal and Roy [16, 17] 

talks about a stabilizing PID controller design methodology for a linearized pendulum 
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model with delays in muscle spindles and the feedback using force and position feedback. 

James L. Patton et al., [18] and Satoshi Ito et al., [19] discuss about evaluating and 

characterizing the stability limits based on a model using experimental analysis. In the 

paper by Tim Sinha and Brian E. Maki [21], the effects of leaning of ankle joint were 

discussed.  

From this, we can conclude that most of the existing computational models are 

greatly simplified and mostly linear, which do not quite fit the reality. The controllers 

designed based on these models are particularly venerable to uncertainties and 

disturbances that are common in actuality, and they are hard to tune to achieve good 

performance because there are often too many tuning parameters to juggle. This 

motivates us to seek a good simulation model for the non-linear ankle-joint with realistic 

muscle properties (musculoskeletal dynamics during human postural sway). Furthermore, 

it also poses a challenge in finding a high performance controller that is easy to use and 

to tune, in the presence of significant dynamic uncertainties and disturbances. 
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CHAPTER III  

NONLINEAR SIMULATION  MODEL AND OPEN -LOOP ANALYSIS  

3.1 Introduct ion 

Linear models have the advantages in terms of simplicity and tractability from the 

engineering and mathematical point of view. It is simple to analyze linear systems, and 

there exists a vast literature and many algorithms for estimating the parameters of a linear 

model. However, biological systems are seldom linear, and the linear analysis holds only 

for a small region around the working point.  

Amir Karniel and Gideon F. Inbar illustrate an example of an arm with the linear 

muscle model, in response to pulses at the input, which does not stop when the target is 

reached and has an overshoot and an oscillatory behavior at the end of the movement 

[20]. Under the same conditions, the nonlinear muscle can evoke a fast movement with a 

smooth stop. This example is representative of the improved arm performance achieved 

with a nonlinear muscle model under the assumed conditions.  
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Hence, in this chapter, the main objective is to address the fundamental, open, 

issue pertaining to Human Postural Sway as how to deal with the uncertain, nonlinear and 

time-varying nature of human motor dynamics. To achieve this, a simulation model that 

covers almost all the nonlinearities and complexities of the ankle joint including the 

realistic properties of the muscle needs to be developed. Once the simulation model is 

obtained, different control algorithms can be implemented and evaluated.  

The ankle joint considered for the present study is taken from the model of a catôs 

hind limb. Experiments have shown the catôs model closely relates to the human model 

with different parameters and in this research, the catôs model is used with the parameters 

replaced by those of the human. Based on the complete nonlinear model obtained in [ ], a 

realistic simulation model is established to facilitate the control design and evaluate as 

shown in the following sections. Open-loop characteristics are studied, which provides 

the starting point for feedback control design. 

3.2 Model and its Description 

The model considered for the present study is shown in Figure 22. This ankle 

model includes the muscle properties which although are interactively complex, 

contribute substantially to the dynamic stability of the musculoskeletal system as shown 

by Karin G.M. Gerritsen et al., [22]. The ankle-joint has three muscles, Tibialis at the 

front, Gastrocnemius and Soleus at the back. Gastrocnemius and Soleus can be combined 

into one as Triceps Surae muscle and is valid as the knee is locked. 
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Figure 22: Model using the ankle strategy 

Skeletal muscle is the most abundant tissue in the human body, accounting for 40-

45% of total body weight. The accepted view of the skeletal muscle has evolved from 

studies that have been primarily conducted last century. The structural unit of skeletal 

muscle is the fiber, a long cylindrical cell with hundreds of nuclei. Each fiber is 

composed of a large number of delicate stands, called myofibrils.  

An individual myofibril has a banded or striated appearance. These striated bands 

divide the fiber into sacromeres, the smallest functional unit which still behaves like a 

muscle. For modeling purposes, bioengineers and movement scientists utilize what is 

called a Hill model as shown in Figure 23 to describe the system that makes up the 

musculotendon unit.  

A contractile component represents the myosin and actin proteins, and it is the 

part of the muscle that responds to neural stimulation. In parallel with this active force 

generating mechanism is a component that represents the passive structure in the muscle. 

The spring accounts for the elastic behavior of the connective tissue surrounding the 
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muscle fibers and the dashpot models the fluid, or viscous effects of the muscle. This 

mechanical representation of skeletal muscle contains a spring-like tendon through which 

muscle force is exerted in order to affect a movement. 

 

Figure 23: Hill model of the muscle-tendon complex 

Though there are several models of striated muscle, a guiding principle in 

implementing a model is that it should possess two attributes: 

1. it should be sufficiently simple so that its mathematical description is 

tractable 

2. Its structure should embody as closely as possible the known physical, 

chemical and physiological character of the modeled elements so that 

theoretical predictions are credible. 

A virtue of Hill models is that they are composed of mechanical structures with 

which engineers and mathematicians are familiar and whose dynamics are well known. A 
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system of differential equations representing the activation and contraction dynamics can 

be developed which describes the forces at tendon. This force then generates a torque that 

results in a movement. Hence, for the present study, each muscle-tendon is modeled as a 

three component hill model and the muscle properties are taken from article by S. G. 

McLean et al., [24]. Muscle activation dynamics was modeled as a first-order differential 

equation.  

Equations for Gatrocnemius and Soleus are listed below: 

Lambda (p1) is a scaling factor and is a function of the muscle activation and is given by 

82.3
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Force in the series elastic element is a function of length of the muscle and output 

position and is given by 
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Figure 24: Force-length and force-velocity relationship of the muscle 
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Similarly, force in the parallel elastic element f2 is a function of the muscle length. 
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The steady state property of the muscle tissue is defined by its isometric Force 

Length curve and is studied when activation and muscle length are constant. Both passive 

and fully activated muscle will develop a steady force when held isometric. The 

difference in the force developed when the muscle is activated and the muscle is passive 

is called active muscle force.  

The force-length property of less than fully activated muscle can be considered to 

be a scaled version of fully activated muscle. For a detailed study on the muscle 

dynamics, please refer to the critical review by Zajac F.E [24]. The nonlinear force-length 

relationship p2 is a function of muscle length 
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When a fully activated muscle tissue is subjected to a constant pull, it first 

shortens and then stops (isotonic contraction). The computer simulation models of the 

muscle employ the force-velocity curves which scale with the length and activation 

dynamics and very nonlinear. The nonlinear force-velocity relationship p3 is a function of 

muscle length 
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When the stimulation signal 1u is given, the activation signal 1x is affected as follows 

))(( 112111 xucucx -+Ö="
 (3.6) 

where c1 and c2 are filter constants. 

The 2x  (Length of the Contractile Element) of muscle is affected in a nonlinear fashion 

depending on the nonlinear force-length, force-velocity relationships along with the 

scaling factor p1. 
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Similar equations describe the second muscle Tibialis. Lambda (p4) is a scaling factor and 

is a function of the muscle activation and is given by 
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Force in the series elastic element is a function of length of the muscle and output 

position and is given by 

( )í
ì
ë

--Ö-Ö
=

2

15492830

43

0
max),(

cxyccc
yxf

 (3.9) 

Similarly, force in the parallel elastic element f4 is a function of the muscle length. 
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The nonlinear force-length relationship p5 is a function of muscle length 
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The nonlinear force-velocity relationship p6 is a function of muscle length 
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When the stimulation signal 1u is given, the activation signal 3x is affected as follows 

))(( 322213 xucucx -+Ö="
 (3.13) 

where c1 and c2 are filter constants. 

The 4x  (Length of the Contractile Element) of muscle is affected in a nonlinear fashion 

depending on the nonlinear force-length, force-velocity relationships along with the 

scaling factor p4. 
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Now the total force turns out to be the sum of the individual forces in the muscles. 

3918 fcfcF Ö+Ö=
 (3.15) 

Finally, the equation of motion of the ankle-joint represented by the inverted 

pendulum is given as follows 
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1 2 3 4 1 2
( , , , , , , )y f y x x x x u u=""        (3.18) 

Eq (3.17) is a simple Newtonôs law for motion but the dynamics of motion are 

very complex and nonlinear. The parameters chosen for each of the muscle are tabulated.  
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TABLE I:  MUSCLE PARAMETERS 

Muscle parameters 

c1 ï 3.3 c18ï d1gs 

c2 ï 16.7 c19 ï d2gs 

c3 ï Gamma=10 c20 ï d3gs 

c4 ï A =0.25 c21ï d1t 

c5 ï S = 2.0 c22 ï d2t 

c6 ï g c23ï d3t 

c7 ï Rcm =0.9 c24ï gmax=1.5 

c8 ï Rfgs =-0.053 c25ï Vmaxgs = 10*(C12) 

c9 ï Rft = 0.035 c26 ï Vmaxt = 10* (C13) 

c10 ï Fmaxgs =4435 c27 ï 0.37295 

c11 ï Fmaxt = 600 c28 = 0.3203 

c12 ï Lceoptgs = 0.0404 c29 = c10/ (c16* c12) 

c13 ï Lceoptt = 0.0980 c30 = c11/(c17*c13) 

c14 ï Lslackgs =0.3345 k1 ï d3gs + d1gs*d2gs*gamma 

c15 ï Lslackt = 0.2230 k2 ï d3t  + d1t*d2t*gamma 

c16 ï Wgs = 0.9645 k3 ï  m*g*Rcm 

c17 ï Wt =0.442 k4 ï I 

m = 80 Kg g = 9.81Kg/m
2
 

Rcm = 0.9 I = 21.6 + (80*0.9
2
) 
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3.3 Development of the Simulation Model 

In the development of the model, to make it simple and easy to use, a general 

muscle model was developed, which follows set of equations (3.1) to (3.7). Once the 

general model is developed, the different parameters for each of the muscle are 

incorporated to represent different muscles.  

 

Figure 25: Muscle models for Triceps Surae and Tibialis 

 

Figure 26: Ankle model using Simulink 
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A Simulink model with two muscles Triceps Surae and Tibialis at the ankle joint 

constructed from a general muscle model as shown in Figure 25. With the two muscles 

developed, eqs (3.15) and (3.16), the model can be considered to complete as seen in 

Figure 26. Here u1, u2 are the muscle stimulation signals, x1, x3 are the activation signals 

that reach the muscles and x2, x4 are the lengths of the contractile elements in the muscles. 
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Figure 27: Open loop model 

As a summary, with all the equations in the earlier subsection, a Simulink model  

in its simplest form as shown in Figure 27 was developed that follows the equations from 

(3.1) ï (3.16). 1u  and 2u are the input stimulation signals to the model. 

Assumptions: 

1) The muscle stimulation signals have the saturation limit of 0.01 and 1. 

2) Only one muscle is active at a time and u is executed as 

1 2

1 2
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3) Position (y), velocity (y") and acceleration (y"") are measured. 

The last condition will later be relaxed by using velocity and acceleration 

estimations. The next step is to analyze the open loop responses of the model and 

understand the characteristics of the dynamics of the plant. 

3.4 Open Loop Response and Equilibrium Determination 

With the help of the model in Figure 28, the responses to different set of input 

stimulation signals are studied. To understand the model better, the equations are 

analyzed in depth. For the open loop simulation model in Figure 27, the responses are 

plotted and studied for the equilibrium conditions.  

óEquilibriumô can be described as a situation in which forces cancel one another. 

In other words, it is a situation when more than one force acts on a body, but where the 

sum of forces is zero, and the plant is at rest. For the ankle joint to be at equilibrium, the 

acceleration of the system must be zero in eq (3.16). 

)sin(3 ykF Ö-=  (3.18) 

 In the equilibrium state, there is obviously no change in the activation and length 

of the muscle. From (3.7) and (3.14), this is possible only when p1 = 0, p4 = 0 or p3 = 0, 

p5 = 0.  For this to happen, the force velocity relationship in (3.5) & (3.12) should always 

satisfy the third condition leading to  
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1 2 2 2 1 2 2

3 4 4 4 3 5 4

( , ) ( ) ( )

( , ) ( ) ( )

f x y f x x p x

f x y f x x p x

- = Ö

- = Ö
 (3.18) 

Now, there are many possible combinations of the muscle stimulation signals that 

can get to a single desired position. As mentioned earlier, for simplicity it is assumed that 

only one muscle is active at a time.  Hence, if the model is falling back, the muscle at the 

front is activated and vice versa. From this control law, for a given position y, we know 

which muscle needs to on and which needs to be off leaving three equations with three 

unknowns that is easily solvable. These equations show a way to solve for the maximum 

sway for the model in both the directions. From the open loop response simulations, it 

was determined that the ankle joint represented by this model can lean in the forward 

direction by a maximum of 18.5
o
 as the foot is locked to the ground. Similarly, it can lean 

backward by a maximum of 1.35
o
. Beyond these limits, there is not enough muscle 

strength to move the joint back to the vertical direction (0
o 
lean).   

In actuality, when the ankle joint exceeds a limit of around 8
o
 and 1

o
 in forward 

and backward directions, the hip strategy comes into picture. For the sake of simplicity, 

the hip strategy is ignored here, as the performance of the control system is of the main 

interest here. For this purpose, it is assumed in this paper that the foot is locked to the 

ground and the maximum sway that the ankle joint can attain, among other performance 

considerations, is an important characteristic of closed-loop control system. The highly 

nonlinear nature of the mathematical model, as shown in Appendix A, underscores the 

difficulty of the analytical study of the plant. Even the determination of the equilibrium 

of (3.16) states is nontrivial.  From the plant model (3.1) to (3.16), it was found that, the 

conditions for equilibrium at different positions can be derived from the fact that the 
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change in the activation and length of the muscle, as well as the acceleration, must be 

zero at the equilibrium state. To summarize, at equilibrium, 

¶ y""must be zero in eq (3.16).  

¶ Either 1f  or 3f in eq (3.15) should be zero, since only one muscle is active at a 

time. 

¶ 1,1 63 == pp  so that the length of the muscles does not change, i.e. 42 ,xx ""  are 

zero in (3.7) and (3.14).  

¶ 2311 , uxux ==  so that the muscle stimulation signals do not change, that is, in 

(3.6) and (3.13), 31,xx ""  must be both zero.  

These conditions allow the computation of ñnear equilibrium pointsò, which will 

be later used as the initial conditions in the simulation of the feedback control system. 

Since the computation of initial muscle length and stimulation signal is important in 

implementing an effective control algorithm, we make some observations as seen in 

Table II. Given no activation and predetermined muscle lengths, the model stands erect 

for an infinite amount of time provided the model is not disturbed in any way with 

muscle lengths determined. For the rest set points, the initial lengths and activations are 

calculated, but from these responses, it is observed that with the predetermined lengths, 

the ankle joint could stand for less than 4 seconds after which the ankle started to fall to 

one side.  These equilibrium calculations hold well only when the model needed to stay at 

a constant position with all parameters known, but these calculations get complicated if 

there is some disturbance or noise added to the model or if the model has to follow a 
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reference trajectory other than a simple constant. Any change in the parameters causes 

the model to fall in no time being very sensitive to the parameter changes.  

TABLE II:  INITIAL CONDITIONS FOR OPEN LOOP EQUILIBRIUM  

 

Reference 

(Set point) 

Initial Length of 

Triceps Surae 

(x2) 

 

Initial length of 

Tibialis 

 

(x4) 

 

Initial activation of 

Triceps Surae  

 

(x1) 

 

Initial activation of 

Tibialis 

 

(x3) 

 

1.8
o
 

forward 

 

0.034243 

 

0.0980 

 

0.1 

 

10
-8 

 

4.5
o
 

forward 

 

0.034497 

 

0.0980 

 

0.24764 

 

10
-8
 

 

18.7
o
 

forward 

 

0.039705 

 

0.0980 

 

1 

 

10
-8 

 

-0.015
o
 

Backward 

 

0.0404 

 

0.096198 

 

10
-8 

 

0.132 

 

-1.4
o
 

Backward 

 

0.0404 

 

0.87464 

 

10
-8
 

 

1 

 

 

It is not simple or possible to calculate muscle stimulation pattern for any and 

every reference other than a simple constant. This leads to the need of closing the loop 

with a controller that plays the role of deciding the muscle stimulation pattern required at 

every instant of time taking past and the present outputs / inputs into consideration. 
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CHAPTER IV  

FEEDBACK CONTROL SOL UTION  

Feedback control is based on using the outcome of the process, or the controlled 

system, which is usually called the ñplant,ò in order to control it. In other words, we use 

the error between the desired output and the actual output in order to reduce it. The 

analogy of the feedback scheme to motor control is the following. The plant corresponds 

to the muscles, the bones, and the dynamics of the environment, the feedback 

corresponds to the output of the sensory systems, and the controller corresponds to the 

nervous system. The control problem is how to design a controller that suits the desired 

performance. One major advantage of the feedback control scheme is the reduced 

sensitivity to changes in the parameters of the plant and to changes in the environment.  

The present model is not only complex but quite nonlinear. Furthermore, there are 

significant uncertainties in the parameters of the model, caused by dynamic variations in 

human muscles. All of these make model-based feedback control designs such as pole-

placement, feedback linearization, sliding model control and H2/HÐ control difficult to 

attain. This leaves proportional-integral-derivative controller (PID) as the only common 

alternative.  
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4.1 Proportional Integral Derivative Control  

4.1.1 Design and implementation 

PID is a most commonly used control design technique for all the nonlinear and 

complex models in industry. To start with, this commonly used control technique is 

applied to our model to see its performance in normal, uncertain and disturbed situations. 

The control law for a PID controller is 

ekekeku dip
"++= ñ  (4.1) 

where u is the control signal, e is the error between the desired and the actual position, kp, 

ki and kd are the proportional, integral and derivative gains.  

A good understanding of these gains of the controller would be helpful in 

evaluating its performance. The proportional term is the basic gain to make the system 

reach the set point.  

The rate of change of a signal is also known as its derivative. Derivative term 

results in is a slower response time with far less overshoot and ripple than a proportional 

controller alone. It also introduces noise into the system and damping.  

An integral is a sum over time, the sum of all past errors in the plant output. The 

integral term helps to eliminate the steady state error in the output response and 

introduces lag at the same time. With this knowledge of the controller and its 

functionality, it is designed and tuned specifically for the present ankle joint in Simulink. 
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4.1.2 Simulation Study 

With this knowledge of the controller, a simulation model with the controller is 

developed as shown in Figure 28. The performance of the controller is evaluated on the 

basis of the error, control and the transient time. Tuning of the gain parameters of the 

controller turned out to be a difficult task suggesting the need of optimization techniques 

to get a reasonable performance. Each time, with a change in the set point, the controller 

needed to be retuned and the gains were completely unpredictable.  

 

Figure 28: Ankle model with PID controller 

For a reference of 1
o
, the gains were set to 6, 2, and 3 for kp, ki and kd respectively 

for a stable output response and with a change in the reference to 7
o
, the gain parameters 

had to be readjusted to 300, 100, and 200 for kp, ki and kd to get a reasonable performance 

with unavoidable oscillations. The tuning process employed here is manual tuning and 

optimization techniques can be employed to decrease the manual effort. Similarly, the 

controller had to be retuned for a reference of -0.5
o
 and gains were set to 100, 200 and 

300 respectively. For a brief introduction to the responses of ankle joint with PID 
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controller, few responses and control signals are shown for the references of 1
o
, 3

o
 and 

4.7
o
.  The position responses are shown in Figure 29. These responses are for a fixed set 

of gains of kp = 6, ki = 2 and kd = 3. For a set point above 4.7
o
 these gains are of no use 

and the new set of gains were unpredictable. 
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Figure 29: Position responses for reference angles of 1
o
, 3

o
 and 4.7

o
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Figure 30: Error responses for 1
o
, 3

o
 and 4.7

o
 using PID control 
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Figure 31: Stimulation of Triceps Surae (u1) with PID control  

From these responses it is clearly seen that there is a large overshoot that 

increases proportionally with the desired position. Error responses in Figure 30 show that 

the settling time is around 10 seconds which is considerably long time. 
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Figure 32: Stimulation of Tibialis (u2) with PID control 
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This transient time might not be enough help the ankle to recover if any 

disturbance occurs for a short time. The muscle stimulation signals look smooth from 

Figure 31 and Figure 32. When the reference is increased beyond 5
o
, it is found that there 

are constant oscillations in the output response of the control which are unavoidable even 

after retuning. In the next section, the tuning and responses of the ankle joint using PID 

controller is discussed for various set points and the maximum sway that can be 

controlled with this controller is determined.  

4.1.3 Tuning and Responses 

The ankle joint is tested for the minimum and maximum sways that the controller 

can handle. Tuning the PID controller has been a difficult task as setting gain for the 

three parameters was not at all intuitive with a change in the set points. The controller is 

tuned to the best of ability to check for the maximum forward lean that can be controlled.  

It is found that ankle joint can lean till 12
o
 with this type of control and still has 

oscillations. Figure 33 shows the error response for the maximum forward sway using the 

PID controller. It points out that the output has constant oscillations which are 

unavoidable as mentioned earlier.  

The ankle joint could not stand beyond 12
o
 with the PID controller. This can be 

explained due to the transient overshoot of 6.5
o
 when the set point is 12

o
. This made the 

ankle move more than 18.5
o
 during the transient period before it came back to a steady 

state and as the lean being more than the predetermined maximum limit for sway in the 

forward direction; the ankle could not recover from fall. 
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Figure 33: Error response for 12
o
 reference with PID control 

As mentioned earlier, when the set point is more than 12
o
, the transient overshoot 

made the ankle move more that 18.5
o
 making the joint unstable and unrecoverable. 

Muscle stimulation/control signals in Figure 34 and Figure 35 for both the muscles hit the 

saturation limits very often and not at all smooth. 
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Figure 34: Stimulation of Triceps Surae (u1) with PID 
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Figure 35: Stimulation of Tibialis (u2)  with PID control 

This type of control signal is not all safe for the muscle because it constantly turns 

them on and off leading to strain. These results demonstrate the need of a better control 

method to overcome these oscillations. When the desired position is in the backward 

direction, it was hard to achieve a good control. 
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Figure 36: Error response for -0.5
o 
reference with PID control 
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Figure 37: Stimulation of Triceps Surae (u1) with PID control 

The next step is to tune the controller and evaluate the performance of the ankle-

joint in the backward direction. Figure 36 shows error in the output response for a -0.5
o
 

reference. It took a very long time of nearly 12 seconds for the position to settle down to 

the desired state which is again a long period to recover from any short time disturbances. 
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Figure 38: Stimulation of Tibialis (u2) with PID control 
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As the set point is increased, the maximum backward sway that can be controlled 

with PID controller is 1.2
o
. Unavoidable oscillations were found in the output response. 

The muscle stimulation signals in Figure 37 and Figure 38 are not smooth with constant 

on and off signals to the muscle which is not safe for the muscle as mentioned earlier.  

From the simulation results, for a nominal condition, it appears that the PID 

controller could control for no more than 12
o
 in the front and the backward lean of the 

ankle-joint had constant oscillations which do not match the calculated results of the 

ankleôs maximum sway in both the directions. The tuning of the parameters turned out to 

be a difficult task leading to the need of optimization techniques to get a reasonable 

performance. Parameter variations like change in inertia made the performance of the 

controller oscillatory, proving that it is very sensitive to uncertainties. When perturbed, 

the ankle-joint could resist for no more than 60Nm push for three seconds which is 

comparatively a low perturbation in a real world that it should be able to withstand. 

These results demonstrate the need for a better controller which is least dependent 

on the model information, easily tunable, capable of pushing the ankle to its maximum 

possible sway angles, tolerant of the uncertainties in the model to a reasonable extent, 

capable of rejecting the external disturbances well.  
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4.2 Active Disturbance Rejection Control 

4.2.1 Introduction  

As pointed out by Gao et al., [25, 26, 27], problems like this call for a control 

design framework that is not overly dependent on the mathematical model of the process. 

The key issue to be addressed is what is needed to know about a process in order to 

control it [288]. Gao discusses about the existing paradigms in feedback control system 

design which are of concern both in theory and practice and also introduces a new 

concept of active disturbance rejection which serves as a new paradigm with a broad 

range of demonstrated applications. In particular, it appears that the novel concept of 

active disturbance rejection control (ADRC) concept fits the nature of this problem well. 

4.2.2 Reformulating the problem 

We illustrate the ADRC concept using a generic motion control problem where the 

plant is  

buwyytfy += ),,,( """  (4.3) 

Let f ( wyyt ,,, " ) be denoted as f. Here y is the output position and f represents combined 

effects of internal nonlinear dynamics and external disturbances of the plant, b is a 

parameter and u is the control signal. A rough estimate of f is made by  
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buyf -=""

 (4.4) 

Using the information, the control law  

bfuu )( 0-=                                                                   (4.5) 

reduces the plant to a simple double integral plant, which can be easily controlled. 

( )
0

0 u
b

fu
bfy =ö

÷

õ
æ
ç

å -
+=""  (4.6) 

This design strategy proves to be effective for the human posture control, as shown later. 

For the present ankle-joint, all three states, position, velocity and acceleration are 

assumed to be measurable outputs. So f can calculated with a rough guess of b and the 

control input u from (4.6). For the remaining part, a simple PD controller is designed as 

)()(0 ykyrku dp
"-Ö+-Ö=  (4.7) 

Here r is the reference and the gains can be selected as 

2
,2 cdcp kk wxw ==  (4.8) 

where cw is the closed-loop bandwidth. From the above, for a critically damped system, 

cw  is the only parameter needs to be tuned, cw .  
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Figure 39: ADRC design for the model 

With this design framework, the controller is tested for different set of reference 

signals. To the Simulink model developed earlier, the concept of active disturbance 

rejection is applied. While feeding back the unknown disturbance, a filter is used to 

reduce the noise in the feedback. In the simulation, cw  is set to 1.2 rad/sec and b to 

1rad/sec
2
. Figure 39 shows the simulation model with ADRC design when acceleration is 

available for feedback. The simulations are run for 1
o
, maximum forward sway and 

backward sway that could be controlled with the present control concept. 

4.2.3 Tuning and Responses 

To test this controller, to start with a 1
o
 reference is given. As mentioned, the 

closed-loop bandwidth cw  is set to 1.2 rad/sec and b is set to 1rad/sec
2
 for all the 

simulations. Figure 40 shows the output position response for the given reference.  
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Figure 40: Error response for 1
o
 reference with ADRC control 
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Figure 41: Stimulation of the Triceps Surae (u1) with ADRC control 

The transient period of the response is less than 4 seconds and has negligible 

overshoot. Muscle stimulation signals are reasonably smooth in Figure 41 and Figure 42. 

Even with the increase in the angle of the desired position, the smoothness of the control 

signal stayed consistent and the tuning process is also intuitive. 
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Figure 42: Stimulation of the Tibialis (u2) with ADRC 
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Figure 43: Error response with  the maximum sway using ADRC 

With this controller, the ankle joint could sway till 18.5
o
 in the forward direction 

which is the determined maximum forward sway from the open loop responses. Figure 43 

shows the error response for the maximum sway that can be controlled by Active 

Disturbance Rejection Control.  
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Figure 44: Stimulation of the Triceps Surae (u1) with ADRC 
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Figure 45: Stimulation of Tibialis (u2) with ADRC 

The overshoot is less than 1
o
 and the transient period is over 5 seconds. This 

output is fairly smooth and fast when compared to the control of PID. From Figure 44 

and Figure 45, it is seen that the control signal is very smooth and does not have 

oscillations or on and off patterns that lead to the strain of the muscle.  
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Figure 46: Error response with maximum backward sway using ADRC 
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Figure 47: Stimulation of the Triceps Surae (u1) with ADRC 

The sway on the backward side is tested with the present controller. With 

acceleration available for feedback and ADRC controller, the ankle could go till -1.35
o
 

with no oscillations. From the error response in Figure 46, it is obvious that the control is 

pretty good and the transient time is over 4 seconds and there is negligible overshoot. 
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Figure 48: Stimulation of the Tibialis (u2) with ADRC 

The control signal which is the stimulation signal of the muscle in Figure 47 and 

Figure 48 are found to be pretty smooth which again is very good for not straining the 

muscle from constant on and off control signals. This when compared with the control of 

PID is very smooth and has low transient time and above all, it has only one parameter to 

tune and is very intuitive whereas for PID, there are three different gains to be tuned and 

the tuning parameters change for every set point and the tuning is very difficult even to 

get a reasonable performance.  

These results are quiet promising because they are obtained in simulation of the 

full nonlinear plant model and also the performance of the controller is able to validate 

itself with the mathematical evaluations and its ability to control till the maximum 

possible sway angles in both the directions.  The present ankle-joint is restricted to move 

till 18.5
o
 in the forward and -1.35

o
in the backward direction. This is found to be 

achievable with the control with ADRC. There is a negligible overshoot in the response, 
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small transient time and nice smooth control. It is even able to track the references other 

than the simple constants. It has unique quality of single parameter tuning which is 

intuitive. With these promising initial results, in the later chapters, disturbance rejection, 

and tolerance to uncertainties is analyzed. 

4.2.4 Disturbance Estimation and Rejection 

When the position, velocity and acceleration needed for control were all 

measurable, there is no reason to use an observer. On a real human subject, three different 

sensors are needed to measure these outputs which would incorporate measurement noise 

that would disrupt these measurements leading to a poor performance of the controller. 

Decreasing the number of sensors used would be a great help in simplifying the control 

mechanism and decreasing the noise comparatively. An observer constructs estimates of 

the variables that are not being measured, using only the available measurements. The 

state of this 'observer' produced good estimates of the state variables of the original 

system. These estimates could be used, as if they were true measurements, to compute the 

appropriate control. According to David G. Luenberger, observers are used to 

approximately reconstruct missing state-variable information necessary for control.  

Extended State Observer 

The extended state observer (ESO) is designed to not only estimate the states that 

are not measurable but also to estimate f. For the plant in (4.3), the state space model is 

described as 
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where yx =1 , yx "=2 , fx =3  and fh "= . An extended state observer is constructed as 

Czy

yyLBuAzz

=

-++=
$

$" )(
 (4.10) 

where L is the observer gain vector calculated using pole placement technique 

            L = [b1 b2 b3]
T
                                                                (4.11) 

With the observer properly designed, yz =1 , yz "=2  and fz =3 . The control law in (4.5) 

ï (4.8) can now be implemented without the accelerometer sensor: 

0

30 )(

b

zu
u

-
=  (4.12) 

3 0 0( )y f z u u= - + º""  (4.13) 

0 1 2( )p du k r z k z= - -  (4.14) 

where r is the reference and 
22 ,p c d ck kxw w= = .  

This control law is implemented as shown in Figure 49. The ESO is tuned to track 

the states well and then controller is tuned to get the desired response with the objectives 

of error as small as possible, smooth control, least model dependent and easy tuning. So 
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there are now two parameters to be tuned one being the observer bandwidth,ow to track 

the immeasurable states and the other being cw , the controller bandwidth. 

 

Figure 49: ADRC design concept with Extended State Observer 

The same procedure as of the ADRC with acceleration available for feedback is 

repeated. The results of simulations for set points 1
o
, 18

o
 and -1.35

o
 leans are shown in 

this section. In the simulation, the observer bandwidth,ow  is set to 200 rad/sec and cw is 

set to 1rad/sec. The gain parameter b remains 1rad/sec
2
. These parameters remain the 

same for all the set points.  
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Figure 50: Error response for 1
o
 reference using ADRC (with ESO) 
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Figure 51: Stimulation of Triceps Surae (u1) using ADRC (with ESO) 

Figure 50 shows the error for a set point of 1
o
. Observer tracks the plant pretty 

well and the position reaches its desired value at around 6 seconds. The output looks 

reasonably smooth. The stimulation signals in Figure 51 and Figure 52 are smooth with 

no sharp edges of ñon/offò patterns thus preventing the muscle from being strained. 
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Figure 52: Stimulation of the Tibialis (u2) using ADRC (with ESO) 
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Figure 53: Error response for the maximum forward sway (ADRC using ESO) 

Figure 53 shows the error response for the maximum sway of 18
o
 that can be 

controlled by ADRC controller with ESO instead. It has a transient period of about 8 

seconds and has negligible overshoot. Figure 54 and Figure 55 have the stimulation 

signal of the control signal for both the muscles and reasonably smooth. 
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Figure 54: Stimulation of the Triceps Surae (u1) using ADRC with ESO 
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Figure 55: Stimulation of the Tibialis (u2) using ADRC (with ESO) 

Although with the use of ESO in the ADRC to estimate the disrupted or not 

available states is able to control the plant very good to an extent of 18
o
 which is very 

close to the real plant limitations. The difference can be attributed to the small error in 

estimating the f of the plant.  
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Figure 56: Error response for the maximum backward sway (ADRC with ESO) 
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Figure 57: Stimulation of the Triceps Surae (u2) using ADRC with ESO 

Figure 56 shows the error for a maximum sway in the backward direction that can 

be controlled by ADRC with ESO. -1.35
o
 is the maximum that it can go with a transient 

time of less than 4 seconds and absolutely no oscillations.  



 

 

71 

0 2 4 6 8 10 12 14 16 18 20
0

0.2

0.4

0.6

0.8

1

S
ti
m

u
la

ti
o
n
 (

u
2
)

Time (Seconds)
 

Figure 58: Stimulation of the Tibialis (u2) using ADRC with ESO 

Figure 57 and Figure 58 are the stimulation signals or the control signal for the 

muscles at the front and the back. The signal is very smooth as seen. The minimum 

information needed to control the plant now becomes the stimulation input (u) and the 

position output (y). With this information, the control technique built with the observer 

tracking states was able to perform equally well as the one with all measurable outputs.  

This method would be of particular use when the number of sensors needs to be 

decreased or when the states are disrupted to noise or not measurable. From the 

simulation results, it is seen that with the observer, the control of ADRC was able to 

reach 18
o
 in the forward lean and -1.35

o
 to its back. This shows that the ESO could track 

the outputs well, which is of great help to control the plant even when the measurable 

states are partially disrupted due to noises. With a decrease in inertia or a push to the 

ankle-joint, the control was found to pretty well showing its tolerance to parameter 

variations and its disturbance rejection. 
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CHAPTER V  

COMPARISON STUDY 

Now that a nonlinear simulation model for the ankle joint has been developed, the 

open-loop responses have been analyzed and three different controllers are applied, the 

next step is to make a comparison of all these controllers. This will give us an idea on the 

performance and robustness of the controllers. 

So in this chapter, the performance of the PID and ADRC with and without ESO 

are evaluated and compared. The basis of the comparison is to attain small error, smooth 

control, easy tuning and least model dependency as stressed in the previous sections. For 

this purpose, the following cases are considered: 

¶ Nominal condition 

¶ Robustness in the presence of Inertia change 

¶ Robustness in the presence of weak muscles and 

¶ External impulse disturbance to the model 
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The gains of each controller are tuned for the nominal condition and remain fixed 

throughout the comparison study. The purpose of this study is to evaluate how well each 

controller copes with dynamic variations and disturbances. 

5.1 Nominal Condition 

Under the nominal condition, the ankle joint in a vertical standing, i.e., the joint 

angle is 0
o
, is accurately described by the model  For the nominal condition with a set of 

well tuned parameters, the performance of all three controllers i.e., PID, ADRC with and 

without ESO is very similar. This can be seen from Figure 59. The muscle stimulation 

signals are shown in Figure 60 and Figure 61. The front muscle stays at the minimum 

activation level for all the control techniques except for the PID which activates for a 

short span of time initially. 

 

Figure 59:  Error in position  for the nominal model with three control techniques 
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